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Abstract
We give an introduction to, and review of, the energy-momentum tensors in classical
gauge field theories in Minkowski space, and to some extent also in curved space-time. For
the canonical energy-momentum tensor of non-Abelian gauge fields and of matter fields
coupled to such fields, we present a new and simple improvement procedure based on gauge
invariance for constructing a gauge invariant, symmetric energy-momentum tensor. The
relationship with the Einstein-Hilbert tensor following from the coupling to a gravitational
field is also discussed.
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1 Introduction
The role and impact of symmetries in modern physics can hardly be overstated. As H. Weyl [1]
put it: “As far as I see, all a priori statements in physics have their origin in symmetry”. Some
salient features are the following ones [2]:
• The laws of nature are possible realizations of the symmetries of nature.
• The basic quantities or building blocks of physical theories are often defined and classified
by virtue of symmetry considerations, e.g. elementary particles and relativistic fields.
• The general structure of physical theories is largely determined by the underlying invari-
ances. In particular, the form of interactions is strongly restricted by geometric symme-
tries (relativistic covariance) and the gauge symmetries essentially fix all fundamental
interactions (electro-weak, strong and gravitational forces).
1
A pillar of classical mechanics and field theory is given by the two theorems that E. Noether
established in 1918 [3]. They describe in quite general terms the consequences of the invariance
of an action functional under a Lie group of global or local symmetry transformations, respec-
tively, extending and generalizing some special cases which had previously been investigated, in
particular by F. Klein in relationship with general relativity, e.g. see [4–7] and references therein.
These two theorems can be applied to systems with a finite number of degrees of freedom (me-
chanics) as well as to systems with an infinite number of degrees of freedom (field theory), both
in their relativistic or non-relativistic versions, e.g. see reference [8] for numerous examples.
They can also be generalized to superspace [9, 10] or to non-commutative space (see [11] and
references therein).
Plan of the paper: In the present note we focus, for classical YM (Yang-Mills) theories in n-
dimensional Minkowski space, on the EMT (energy-momentum tensor, also referred to as stress-
energy tensor or stress tensor for short): the components Tµν of the EMT can be interpreted as
follows, e.g. see reference [12]. T 00 represents the energy density, T 0i the i-momentum density
(or energy flux density) and T ij the i-momentum flux density in the j-direction. Regarding
the field theoretical system as a collection of particles, we can also interpret T ii ≡ p as the
pressure and (T ij) with i 6= j as the shear stress. In particular, we will study here the so-called
canonical EMT whose components Tµνcan represent the conserved current densities which are
associated (by virtue of Noether’s first theorem) to the invariance of the action under space-
time translations. The corresponding conserved charges P ν ≡ ∫Rn−1 dn−1xT 0νcan define the total
energy and momentum of the physical system.
As is well known (for instance for Maxwell’s theory), the tensor Tµνcan is neither symmetric
nor gauge invariant in general and thereby needs to be “improved”. This is traditionally real-
ized by the “symmetrization procedure of Belinfante” [13, 14] which relies on the spin angular
momentum density, but this method does not work straightforwardly in the case where matter
fields are minimally coupled to a gauge field [15]. After a short introduction to the subject and
problematics in subsection 2.1, we will show in subsection 2.2 that the improvement can be
realized in a simple manner for pure gauge fields or for interacting gauge and matter fields by
taking into account the local gauge invariance1. A conceptually quite different approach consists
of coupling the gauge and matter fields to gravity and deducing the so-called Einstein-Hilbert
EMT in Minkowski space from the metric EMT on curved space. This approach is outlined for
YM theories in section 3 and it is readily shown that the different results in Minkowski space
coincide with each other. Concerning the latter point we should mention that more general and
abstract approaches have been considered in the literature (we refer in particular to the system-
atic study [17] based on the earlier work [18]), but we hope that the elementary discussion of the
different aspects presented here is useful both as a short introduction to, and as an overview of,
the subject. While our paper is devoted to the classical theory, we conclude with some remarks
on how symmetries impact the quantum theory, i.e. on Ward identities, and more generally on
the related subjects to which R. Stora made substantial contributions.
1In the older literature (e.g. see reference [16]), the local, i.e. space-time dependent, gauge transformations
are often referred to as gauge transformations of the second kind as opposed to gauge transformations of the first
kind, i.e. global gauge transformations (labeled by constant parameters). To avoid a topological connotation, some
authors also use the terminology flexible versus rigid symmetry transformations for transformations involving
x-dependent symmetry parameters versus constant ones. By gauge invariance we shall always mean local gauge
invariance.
2
General framework of classical Lagrangian field theory in Minkowski space: Our
conventions and general assumptions are as follows. We choose natural units so that c ≡ 1 ≡ ~.
The points of n-dimensional Minkowski space are labeled by x ≡ (xµ)µ=0,1,...,n−1 ≡ (t, ~x ) ∈ Rn
and the signature of the Minkowski metric (ηµν) is chosen to be (+,−, . . . ,−). We will deal only
with YM theories, i.e. multiplets of complex scalar or Dirac fields which are minimally coupled
to the YM field Aµ(x) ≡ Aµa(x)Ta (see appendix A for the notation and for a summary of gauge
theories). Thus, generically we have a collection ϕ ≡ (ϕr)r=1,...,N of classical relativistic fields in
Minkowski space which are assumed to vanish (together with their derivatives) sufficiently fast at
spatial infinity. The dynamics of fields is specified by a local, Poincaré invariant action functional
S[ϕ] ≡ ∫ dnxL(ϕ, ∂µϕ) which involves a Lagrangian density L having the following properties.
We consider closed systems which means [19] that the Lagrangian L does not explicitly depend
on the space-time coordinates, i.e. the x-dependence of L is only due to the x-dependence of ϕ
and ∂µϕ. Moreover, we assume that L depends at most on first-order derivatives: the associated
equations of motion
0 = δS
δϕ
= ∂L
∂ϕ
− ∂µ
(
∂L
∂(∂µϕ)
)
, (1.1)
are then at most of second order. We concentrate on the Lagrangian formulation of field theory
and refer to the work [20, 21] for a discussion of the EMT of gauge theories within the Hamil-
tonian framework. Moreover in section 3, we discuss the generalization to curved space-time
manifolds.
2 EMT’s for gauge theories in Minkowski space
After recalling the definition of the canonical EMT [15, 19, 22], we consider the example of pure
YM theories (while referring whenever necessary to the summary of non-Abelian gauge theories
given in appendix A). Thereafter, we discuss the general properties of the EMT (local conser-
vation law, symmetry, gauge invariance, tracelessness) as well as the addition of superpotential
terms to the canonical EMT: The aim of these additions is to “improve” the characteristics of
the canonical EMT, so that it becomes symmetric and gauge invariant (and traceless for scale
invariant Lagrangians) if it does not have these properties.
2.1 Canonical EMT and its properties
2.1.1 The canonical EMT and the associated conserved charges
Noether’s first theorem: By virtue of Noether’s first theorem, the invariance of the action
S[ϕ] under translations xν → x′ν = xν + aν implies the existence of current densities (jµcan)ν
satisfying the conservation law ∂µ(jµcan)ν = 0 for ν ∈ {0, 1, . . . , n − 1}. The conserved second-
rank tensor Tµνcan ≡ (jµcan)ν is referred to as the canonical EMT field and with the notation
δxµ = aµ, δϕ = −aµ∂µϕ (where |aµ|  1) we have
0 = δS
δϕ
δϕ+ ∂µjµ with jµ ≡ −Tµνcan aν Tµνcan ≡
∂L
∂(∂µϕ)
∂νϕ− ηµνL . (2.1)
In this expression for the tensor field Tµνcan and in similar expressions, the sum over all fields
is implicitly understood (e.g. the sum over φ and φ∗ in the case of a complex scalar field φ).
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The local conservation law ∂µTµνcan = 0 holds by virtue of the equations of motion of ϕ and its
explicit verification amounts to a one-line derivation of Tµνcan [19]:
∂µ(ηµνL) = ∂νL = ∂L
∂ϕ︸︷︷︸
= ∂µ
(
∂L
∂(∂µϕ)
)
∂νϕ+ ∂L
∂(∂µϕ)
∂ν(∂µϕ)︸ ︷︷ ︸
= ∂µ(∂νϕ)
= ∂µ
( ∂L
∂(∂µϕ)
∂νϕ
)
.
If we assume as usual that the fields vanish sufficiently fast at spatial infinity, then the
boundary term
∫
dn−1x ∂iT iνcan vanishes and we have conserved “charges”
P ν ≡
∫
Rn−1
dn−1xT 0νcan (2.2)
associated with the conserved densities (2.1). The vector (P ν) represents the total energy-
momentum of the fields and generates space-time translations of the fields ϕ in classical and
in quantum theory. (Some subtleties appear for gauge theories due to the presence of so-called
constraint equations following from the gauge invariance of the Lagrangian, see references [20,
21].) In particular P 0 coincides with the canonical Hamiltonian function H since T 00can = ∂L∂ϕ˙ ϕ˙−
L = H. The fact that ∫V dn−1xT 0νcan represents the components of a Lorentz vector for any space
region V ⊂ Rn−1 (a result which is also known as von Laue’s theorem [23]) is not quite obvious,
but can be verified [24] by using the assumptions that ∂µTµνcan = 0 and that the functions Tµνcan
vanish sufficiently fast at the boundary of V . We note that the integral (2.2) is performed over a
hypersurface of Rn given by x0 constant which can be replaced by a generic (n−1)-dimensional
space-like hypersurface Σ with fields vanishing on its boundary ∂Σ.
Other derivations: We note that the canonical Noether currents associated to geometric
symmetries can also be obtained [25] by considering local symmetry transformations without
coupling the fields to a gravitational field (and similarly for internal symmetries without a
coupling of matter fields to a gauge field). This approach may be referred to as Gell-Mann-Lévy
procedure [26] since it goes back to the classic work of Gell-Mann and Lévy on the σ-model [27].
2.1.2 Superpotential terms
Apart from an overall numerical factor, there are other ambiguities in the definition of a canon-
ical current. In fact, for the canonical EMT we can always add a so-called superpotential term,
i.e. the divergence of an antisymmetric tensor, so as to pass over to a so-called improved EMT
Tµνimp defined by2
Tµνimp ≡ Tµνcan + ∂ρχµρν , with χµρν = −χρµν . (2.3)
The antisymmetry of χµρν in its first two indices ensures that ∂ρχµρν is identically conserved,
hence Tµνimp is conserved as well. The derivative in the superpotential term entails that one
has the same conserved charge as for Tµνcan provided χ0iν decreases for r ≡ |~x | → ∞ faster
than 1/rn−2 in n space-time dimensions. The freedom (2.3) may be used to give a different
form (eventually with a greater physical significance) to the EMT, various examples for this
“improvement procedure” (i.e. judicious choices of superpotentials) being given below.
2One may regret that some monographs (e.g. [16]) refer to (2.3) as “the canonical EMT” since χµρν and
thereby Tµνimp are neither unique nor naturally given.
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2.1.3 The canonical EMT for pure YM theory and its general properties
Canonical expression: By way of example, for pure YM theory in n dimensions, the trans-
lation invariance of the YM action (A.9), i.e. Lg(F ) ≡ − 14c2 Tr (FµνFµν), yields
Tµνcan =
1
c2
Tr (−Fµρ ∂νAρ + 14 η
µνF ρσFρσ) . (2.4)
According to Noether’s first theorem, this EMT is locally conserved, i.e. ∂µTµνcan = 0, by virtue
of the field equation 0 = DνF νµ ≡ ∂νF νµ+ iq [Aν , F νµ] where q denotes the non-Abelian charge
(cf. appendix A). As for any EMT some other properties are also of interest: one may wonder
whether it is gauge invariant (since we are dealing with gauge theories), whether it is symmetric
in its indices, whether it is traceless and whether it gives rise to a positive energy density. As a
matter of fact, the EMT (2.4) enjoys none of these properties. The physical and mathematical
ideas behind these four properties are the following ones, ignoring for the moment the coupling
to gravity which we address in the next subsection.
On the gauge invariance of the EMT: The lack of gauge invariance of the components
of the classical EMT is unacceptable since these physical quantities are measurable; and so
is the energy-momentum
∫
V d
n−1xT 0νcan (contained in a domain V ⊂ Rn−1 of finite volume)
which is not on-shell gauge invariant (i.e. not gauge invariant for fields ϕ satisfying the classical
equations of motion).
On the symmetry of the EMT: If the EMT Tµνcan is not symmetric on-shell, then the
canonical angular momentum tensor Mµνρcan and the EMT Tµνcan are not related in the same way
as angular momentum and momentum are related in classical mechanics, i.e. by a relation of
the form “the components of M are the moments of T”,
Mµρσ = xρTµσ − xσTµρ . (2.5)
Indeed for a tensorMµρσ of this form, the conservation law ∂µMµρσ = 0 only holds if the tensor
Tµν is symmetric on-shell:
0 = ∂µMµρσ = ∂µ(xρTµσ − xσTµρ) = T ρσ − T σρ , (2.6)
where we used the fact that ∂µTµν = 0 holds for solutions of the equations of motion. Thus,
if the canonical EMT is not symmetric, then the canonical angular momentum tensor does not
have the ‘mechanical’ form (2.5), rather we have an extra spin angular momentum term sµρσ,
Mµρσcan = xρTµσcan − xσTµρcan + sµρσ , with sµρσ ≡
∂L
∂(∂µϕ)
(12 Σ
ρσ)ϕ = −sµσρ . (2.7)
Here, i2 Σρσ ≡ d(Mρσ) is a N -dimensional representation d of a basis (Mρσ) of the Lie algebra
associated to the Lorentz group, e.g. d(Mρσ) = 0 for a scalar field, d(Mρσ) ≡ Mρσ for a vector
field (Aµ) and d(Mρσ) ≡ 18 [γρ, γσ] for a Dirac field (γ0, . . . , γd−1 denoting matrices satisfying
the Clifford algebra relation {γρ, γσ} = 2ηρσ1).
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On the tracelessness of the EMT: Consider a field theoretic model which is invariant
under rescalings x  x′ = eρx (where ρ is a constant real parameter), e.g. pure YM theory in
four dimensions or the theory of a real massless scalar field φ. For such a model, one expects
that the canonical EMT can be improved so as to obtain a “new improved” EMT Tµνconf which
is conserved, symmetric and traceless [28, 29]: the dilatation current (jµ) associated to scale
invariance is then given by the moments of the EMT and its local conservation law (reflecting
the scale invariance) is tantamount to the tracelessness of the EMT:
jµ = xνTµνconf , hence ∂µj
µ = Tµconfµ = 0 . (2.8)
This tracelessness of the EMT plays an important role in conformal field theories [30]. Here, we
only note that for a single, real, massless scalar field φ in n-dimensional Minkowski space, the
new improved or Callan-Coleman-Jackiw EMT [28] reads
Tµνconf ≡ Tµνcan − ξ(n) (∂µ∂ν − ηµν)φ2 with  ≡ ∂µ∂µ and ξ(n) ≡
1
4
n− 2
n− 1 . (2.9)
On the positivity of the energy density: An interesting question is whether or not the
total energy P 0 is positive or, more importantly (the energy being only determined up to an
additive constant in the absence of gravity), whether the total energy is bounded from below.
In fact, if this is not the case, then one can extract an infinite amount of energy from the
physical system. If the energy density T 00 satisfies the positivity condition T 00 ≥ 0 in all
inertial frames, then the energy P 0 is positive in all inertial frames if |~P | ≤ P 0, i.e. equivalently
if the vector P ≡ (P 0, ~P ) is time-like and future-directed3 [31]. The latter condition is satisfied
if the EMT satisfies the so-called dominant energy condition [32] stipulating that the energy
current Eµ ≡ Tµνuν is time-like and future-directed for every observer with velocity (uµ) (e.g.
consider (uµ) = (1,~0 )). The energy conditions reflect the principles of relativity and play an
important role in general relativity where relations of this type are an essential ingredient for
establishing general results like the no hair theorem, the laws of black hole thermodynamics or
the singularity theorems of Penrose and Hawking which predict the occurrence of singularities
in the universe [33–36].
2.1.4 Improvements of the canonical EMT and definition of the physical EMT
Improvements of the canonical EMT: In view of the unpleasant and problematic proper-
ties (lack of symmetry and of gauge invariance) of the canonical EMT some improvements of the
canonical expression (2.1) have been looked for. The first one is due to Belinfante [13] and rep-
resents an astute procedure for constructing a symmetric EMT out of the canonical expression
— see section 2.2.1. In section 2.2.2 we will show that, for non-Abelian gauge theories, the same
results can be obtained by taking into account the gauge invariance of the Lagrangian. (Equiv-
alently, one can already exploit this gauge invariance in establishing Noether’s first theorem for
the translational invariance so as to obtain right away a gauge invariant (and symmetric) EMT,
see references [37–39] as well as [40]; we also note that a symmetric EMT can be obtained in
establishing Noether’s theorem if one considers both translations and Lorentz transformations
in an appropriate way [41].) We mentioned already that for scale invariant theories a further im-
provement, which is due to Callan, Coleman and Jackiw [28], consists of constructing a traceless
EMT out of Belinfante’s symmetric tensor.
3Under a Lorentz boost with velocity ~v, the component P 0 goes over to P ′0 = γ(P 0 − ~P · ~v ) with γ ≡
(1− ~v 2)−1/2, hence P 0 ≥ 0 does not imply P ′0 ≥ 0 without the given assumption.
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Definition of the physical EMT: The canonical EMT and its improvements represent
different localizations for the energy and momentum, and one may wonder whether there is
a preferred or a correct localization. An answer to this question can be provided by coupling
the matter fields (including gauge fields) to the gravitational field. In fact, in general relativity
the EMT represents the local source for the gravitational field in Einstein’s field equations
very much like the electric current density represents the source for the electromagnetic field
in Maxwell’s equations. Thus, in curved space-time, one defines the so-called metric EMT for
the gauge or matter field as the functional derivative of the gauge/matter field action S[ϕ, gµν ]
with respect to the metric tensor field (gµν), see section 3 below. Accordingly, this curved space
EMT is generally covariant, covariantly conserved, symmetric and gauge invariant. The so-
called Einstein-Hilbert EMT TµνEH in Minkowski space which is obtained from the metric EMT
by setting gµν = ηµν is then conserved, symmetric and gauge invariant by construction.
As was pointed out by Rosenfeld [42] and Belinfante [14] (and as we will discuss in sub-
section 3.3), this conceptually quite different approach yields, in the flat space limit of the
minimal coupling to gravity, Belinfante’s symmetric EMT whose construction does not make
any reference to gravity. (In particular one recovers the canonical EMT if this one is already
symmetric. We note that Belinfante’s symmetric EMT admits a natural geometric formulation
if gravity is viewed as a gauge theory of the Poincaré group, see references [15, 43].) One can
also recover the traceless Callan-Coleman-Jackiw EMT in the flat space limit of a conformally
invariant field theory on curved space.
Summary: If one takes for granted that Einstein’s general relativity is the correct theory
for the gravitational field, then the EMT of gauge and/or matter fields in Minkowski space
should not only be conserved and gauge invariant, but it should also be symmetric and naturally
generalizable to a generally covariant tensor in curved space. Yet, we should note that within
certain alternative theories of gravity like Einstein-Cartan theory [43–45], the canonical EMT
appears naturally. In particular, non symmetric EMT’s which do exist for certain classical spin
fluids can consistently be coupled to gravity in this framework, see [46] and references therein.
Concerning the validity of the different theories of gravity we note that Einstein-Cartan theory is
considered to be a viable alternative to general relativity: both theories can only be distinguished
at very high densities or at very small distances which are currently beyond experimental reach
— see [46] and references therein.
The canonical and the improved (or Einstein-Hilbert-) EMT’s only differ by a total derivative
so that they yield the same conserved charges P ν and it is the latter which play a fundamental
role in classical and quantum field theories on flat space [20, 21]: They appear for instance in
the defining axioms of Wightman and of Haag and Kastler for quantum field theory [47, 48].
2.2 Improvement of the canonical EMT’s in gauge theories
2.2.1 Belinfante’s procedure for constructing a symmetric EMT
General procedure: The concern of Belinfante [13, 14] was to construct an improved EMT
which is symmetric in its indices for any relativistically invariant field theory. The resulting
tensor Tµνimp which is also referred to as the Belinfante(-Rosenfeld) tensor, is obtained by choosing
the superpotential appearing in equation (2.3) to be given by
χµρν = −12 (s
µρν − sνµρ + sρνµ) , (2.10)
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where sµρν represents the spin density tensor of the fields which appears in the canonical angular
momentum tensor (2.7). For a detailed presentation of this approach we refer to the literature,
e.g. see reference [15]. Here we emphasize that this approach applies to any relativistically
invariant field theory, but that, for gauge theories, the gauge invariance of the “symmetry
improved” EMT of Belinfante is not a priori ensured. We will come back to this point in
footnotes 4 and 5.
Pure gauge fields: For the YM field, the described improvement procedure for the canonical
EMT (2.4) yields χµρν = Fµρa Aνa. Use of the equation of motion DρFµρ = 0 then leads to the
tensor
Tµνimp(F ) =
1
c2
Tr (FµρFρν +
1
4 η
µνF ρσFρσ) , (2.11)
which is not only conserved and symmetric, but also gauge invariant4. In n = 4 dimensions it
is traceless.
Let us briefly consider the particular case of Maxwell’s U(1) theory in four space-time
dimensions, for which the tensor (2.11) reduces to Tµνimp(F ) = FµρFρν + 14 ηµνF ρσFρσ. This
tensor encodes the familiar expressions [49] for the energy and momentum densities of the
electromagnetic field (i.e. T 00imp = 12 ( ~E 2 + ~B 2) and T 0iimp = ( ~E × ~B)xi) as well as for Maxwell’s
stress tensor density (given by the spatial components T ijimp). The result for T
µν
imp(F ) expresses in
a remarkable manner the union of space and time, energy and momentum as well as electricity
and magnetism as achieved by the masters of electrodynamics and special relativity (Maxwell,
Einstein, Lorentz, Poincaré and Minkowski). For ν = 0, the local conservation law ∂µTµνimp = 0 is
simply Poynting’s theorem for the free electromagnetic field. Furthermore, we have T 00imp(F ) ≥ 0
(and T 00imp(F ) = 0 if and only if F = 0), as well as | ~E × ~B | ≤ 12 ( ~E 2 + ~B 2) = T 00imp: from
these relations it follows that |~P | ≤ P 0 for the components P ν ≡ ∫R3 d3xT 0νimp of the energy-
momentum four-vector, i.e. the latter vector is time-like and future directed [31].
Matter fields interacting with a gauge field: The improvement procedure of Belinfante
is somewhat different and more subtle when matter fields (scalars or fermions) are coupled to
a gauge field (e.g. see reference [15] for Abelian gauge theory). By way of illustration, let us
consider a multiplet ψ ≡ [ψ1, . . . , ψN ]t of Dirac fields which is minimally coupled to the YM
field, i.e. we have the Lagrangian density (A.11): LM (ψ,A) ≡ i ψ¯γµ
↔
Dµψ − mψ¯ψ. Then, the
canonical EMT reads
Tµνcan(ψ,A) =
i
2
[
ψ¯γµDνψ − (Dνψ¯)γµψ
]
− ηµνLM +Aνajµa [ψ,A] , (2.12)
where jµa [ψ,A] ≡ qψ¯γµTaψ. In this case, the standard (“naive”) improvement procedure is not
sufficient, rather an extra minimal coupling procedure has to be performed at the level of the
EMT’s so as to discard the last term (i.e. the potential-current term) in expression (2.12). We
will see in the next section that the improved EMT’s follow straightforwardly from the canonical
EMT’s if we improve these tensors by taking into account local gauge invariance.
4As a matter of fact, the canonical expression (2.4) can be rendered gauge invariant in a very direct way by
guessing the superpotential term ∂ρ(Fµρa Aνa) since this term reduces on-shell (i.e. by virtue of the equation of
motion DρFµρ = 0) to Fµρa (∂ρAν + ig [Aρ, Aν ])a and therefore allows to “gauge covariantize” the factor ∂νAρ in
Tµνcan, thus ensuring gauge invariance of the EMT. This way of proceeding directly yields the result (2.11) without
determining the spin density sµρν .
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2.2.2 Improvement procedure for constructing a gauge invariant EMT
For pure gauge theories (Abelian or non-Abelian) the standard derivation of the EMT (which
consists of determining the consequence of the invariance of the action functional under space-
time translations as outlined at the beginning of section 2.1) does not take into account the
gauge invariance of the Lagrangian. Thus, the lack of gauge invariance of the canonical EMT
does not come as a surprise. Gauge invariance of the EMT can either be achieved by exploiting
this invariance of the Lagrangian in the course of the derivation of the EMT or by exploiting it
upon improving the canonical EMT. The first approach is discussed in detail in reference [39]
(see also [37, 38, 40, 50]) and we will present here the second procedure which is inspired by the
first one, but which has not been considered in the literature to the best of our knowledge. As we
will see, the latter approach can also be used to determine in a neat and straightforward manner
the improved EMT for massive Abelian vector fields, i.e. Proca theory (this result being inspired
by the work [40, 50]) despite the fact that the complete Lagrangian is not gauge invariant in
this case. For all of these theories, the improved EMT obtained by exploiting gauge invariance
(considering either of the two methods that we just outlined) coincides with the one obtained
by Belinfante’s procedure whose goal is to construct a symmetric EMT out of the canonical one.
More generally, we will show that our method of exploiting gauge invariance also generalizes to
the case where matter fields (scalar or spinor fields) are coupled in a gauge invariant manner
to gauge fields: in this context the improvement follows readily and there is no need to add
by hand some extra term as it is the case for Belinfante’s procedure applied to this physical
system. We will consider a general gauge theory, the case of an Abelian theory corresponding
to the choice a = 1 for the internal symmetry indices and fabc = 0 for the structure constants.
Improvement for pure gauge theories: The assumptions concerning the Lagrangian L
are as follows. As before, we assume that L(x) ≡ L(Aν(x), ∂µAν(x)) is a scalar field depending
on Aν and its first-order derivatives, but not explicitly on x. Moreover, we suppose that L has
the form
L ≡ Lg(F ) + Lm(A) , (2.13)
where Lm(A) only depends on Aν (and not on its derivatives) and where Lg is assumed to be
gauge invariant. The latter assumption implies that Lg only depends on Aν and its derivatives
by virtue of the components Fµν of the field strength tensor, this tensor being given by expres-
sion (A.7), i.e. Fµν = ∂µAν − ∂νAµ + iq [Aµ, Aν ]. (This result follows for instance explicitly by
exploiting the so-called Klein-Noether identities [6] which have first been discussed by F. Klein
for general relativity and which have been rediscovered by R. Utiyama [51] in the context of
YM theories.) Henceforth we have
∂L
∂(∂µAaν)
=
∂F bρσ
∂(∂µAaν)
∂Lg
∂F bρσ
= 2 ∂Lg
∂F aµν
. (2.14)
By definition the canonical EMT (2.1) presently reads
Tµνcan =
∂L
∂(∂µAaρ)
∂νAaρ − ηµνL ,
and obviously fails to be gauge invariant (even for Lm = 0) due to the factor ∂νAaρ in its first
term. To obtain a gauge invariant expression, we use relations (2.14) and (A.7):
Tµνcan ≡ 2
∂Lg
∂F aµρ
(
F νa ρ + ∂ρAνa − iq [Aν , Aρ]a
)
− ηµνL . (2.15)
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For the second term we now apply the Leibniz rule:
2 ∂Lg
∂F aµρ
∂ρA
ν
a = −∂ρχµρν − 2∂ρ
( ∂Lg
∂F aµρ
)
Aνa , with χµρν ≡ −2
∂Lg
∂F aµρ
Aνa = −χρµν . (2.16)
Here, the contribution ∂ρχµρν is a superpotential term5 so that we have obtained an improved
EMT Tµνimp of the form (2.3). The second term on the right hand side of the previous equation can
be rewritten by using (2.14) and the equation of motion of the gauge field, ∂ρ( ∂L∂(∂ρAaµ)) =
∂L
∂Aaµ
:
−2∂ρ
( ∂Lg
∂F aµρ
)
Aνa = ∂ρ
( ∂L
∂(∂ρAaµ)
)
Aνa =
∂L
∂Aaµ
Aνa . (2.17)
For the Lagrangian (2.13) we have ∂L∂Aaµ =
∂Lg(F )
∂Aaµ
+ ∂Lm(A)∂Aaµ with
∂Lg
∂Aaµ
=
∂F bρσ
∂Aaµ
∂Lg
∂F bρσ
= −2qf bcaAcρ
∂Lg
∂F bρµ
, (2.18)
and thereby (2.17) becomes
−2∂ρ
( ∂L
∂F aµρ
)
Aνa = 2iq [Aν , Aρ]a
∂Lg
F aµρ
+ ∂Lm
∂Aaµ
Aνa . (2.19)
Since the first term in this expression compensates the third term in expression (2.15), we are
led to the final result Tµνimp = Tµνcan + ∂ρχµρν with
Tµνimp = T
µν
imp(F ) + T
µν
imp(A) ≡
[
2 ∂Lg
∂F aµρ
F νa ρ − ηµνLg
]
+
[∂Lm
∂Aaµ
Aνa − ηµνLm
]
. (2.20)
For the Lagrangian L ≡ Lg(F ), this EMT only depends on the gauge potential by means of the
field strength, hence its gauge invariance is ensured by the invariance of Lg(F ).
As a first application we consider pure YM theory, i.e. L = Lg(F ) ≡ − 14c2 Tr (FµνFµν),
thus we recover the result (2.11). By construction, this EMT is conserved and gauge invariant.
It is also symmetric and it is traceless for n = 4; the result coincides with the one obtained by
Belinfante’s procedure (see footnote 5) or from the Einstein-Hilbert EMT (section 3).
If we include a mass term for the vector field Aµ into the four dimensional Abelian theory
by adding Lm(A) ≡ 12 m2AµAµ to Lg(F ), then (2.20) yields
Tµνimp = T
µν
imp(F ) +m2(AµAν −
1
2 η
µνAρAρ) . (2.21)
This is the improved EMT for the Proca theory [50] where the mass term is also symmetric,
but neither gauge nor scale invariant.
5We note that for Lg ≡ − 14 Fµνa F aµν , we have χµρν = Fµρa Aνa: This superpotential coincides with the one
resulting from Belinfante’s improvement procedure applied to pure gauge theories.
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Improvement for matter fields interacting with gauge fields: Consider charged matter
fields ϕ (complex scalars φ or Dirac spinors ψ) which are minimally coupled to gauge fields. For
notational clarity, we first discuss the case of a multiplet of complex scalar fields, i.e. ϕ =
(φ, φ†), for which we have specified the dynamics in equations (A.10)-(A.17). Quite generally,
suppose that we have a gauge invariant Lagrangian of the form
L ≡ Lg(F ) + LM , with LM ≡ L0(Dµϕ) + L1(ϕ) ,
where L1(ϕ) only depends on the field ϕ and not on its derivatives. By virtue of gauge invariance,
the kinetic terms for gauge and matter fields, i.e. Lg(F ) and L0(Dµϕ) can only depend on the
field strength and covariant derivatives, respectively:
Fµν ≡ ∂µAν − ∂νAµ + iq [Aµ, Aν ] , Dµφ ≡ ∂µφ+ iqAµφ , Dµφ† ≡ ∂µφ† − iqφ†Aµ .
(2.22)
Here, the generators Ta of the underlying Lie algebra are assumed to be in the adjoint repre-
sentation for Fµν and in an N -dimensional representation for the multiplet of matter fields.
As noted in equation (A.14), the variation of the matter field action SM [ϕ,A] ≡
∫
dnxLM
with respect to the gauge field yields the matter current:
jµa [ϕ,A] ≡ −
δSM [ϕ,A]
δAaµ
= −∂LM
∂Aaµ
= iq
[
φ†Ta
∂L0
∂(Dµφ†)
− ∂L0
∂(Dµφ)
Taφ
]
. (2.23)
By its very definition (2.1), the canonical EMT of the physical system under consideration
is given by
Tµνcan =
∂L
∂(∂µAaρ)
∂νAaρ +
∂L
∂(∂µφ)
∂νφ+ (∂νφ†) ∂L
∂(∂µφ†)
− ηµνL . (2.24)
Let us now substitute relation (2.14) and ∂L∂(∂µϕ) =
∂L
∂(Dµϕ) , and let us use (2.22) to express
the ordinary derivatives ∂νAaρ and ∂νϕ appearing in (2.24) in terms of the field strength and
the covariant derivatives, respectively. After grouping together the different contributions and
substituting relation (2.23), we get the result
Tµνcan = T
µν
int (F ) + T
µν
int (ϕ,A) +Aνajµa [ϕ,A] + 2
∂Lg
∂F aµρ
(
∂ρA
ν
a + iq [Aρ, Aν ]a
)
, (2.25)
with
Tµνint (F ) ≡ 2
∂Lg
∂F aµρ
F νa ρ − ηµνLg = Tµνimp(F ) (2.26)
and
Tµνint (ϕ,A) ≡
∂LM
∂(Dµφ)
Dνφ+ (Dνφ†) ∂LM
∂(Dµφ†)
− ηµνLM . (2.27)
To conclude, we rewrite the last term in (2.25) following the line of arguments (2.16)-(2.19):
2 ∂Lg
∂F aµρ
∂ρA
ν
a = −∂ρχµρν +
∂L
∂Aaµ
Aνa = −∂ρχµρν − 2iq
∂Lg
∂F aµρ
[Aρ, Aν ]a −Aνajµa [ϕ,A] ,
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where the last expression follows from ∂L∂Aaµ =
∂Lg
∂Aaµ
+ ∂LM∂Aaµ and the definition (2.23).
In summary, with the definition
Tµνint ≡ Tµνcan + ∂ρχµρν , where χµρν ≡ −2
∂Lg
∂F aµρ
Aνa ,
we have a total EMT Tµνint for the interacting system of fields which is a sum of the improved
EMT for the gauge field and the EMT of the matter fields interacting with the gauge field:
Tµνint = T
µν
int (F ) + T
µν
int (ϕ,A) . (2.28)
Upon considering the Lagrangians (A.9), (A.10), i.e. Lg(F ) ≡ −14c2 Tr (FµνFµν) and LM (φ,A) ≡
(Dµφ†)(Dµφ)−m2φ†φ, we obtain the explicit expression (2.11) and
Tµνint (φ,A) = (Dµφ†)(Dνφ) + (Dνφ†)(Dµφ)− ηµνLM (φ,A) . (2.29)
Each of the tensors (2.11), (2.29) is gauge invariant (by construction) and symmetric in its
indices. The total EMT Tµνint is conserved (by construction), but the different contributions are
not: their divergence can easily be evaluated by using the field equations (A.12) and (A.13) as
well as the commutation relations [Dµ, Dν ]φ = iqFµνφ and [Dµ, Dν ]φ† = −iqφ†Fµν :
∂µT
µν
int (F ) =
1
c2
Tr (jµFµν) = −∂µTµνint (φ,A) , hence ∂µTµνint = 0 . (2.30)
Thus, we have the standard local conservation law for the total EMT tensor of the interacting
system. We note that the partial differential equation ∂µTµνint (φ,A) = − 1c2 Tr (jµFµν) can be
viewed as a continuum version of the Lorentz-Yang-Mills force law, i.e. Wong’s equation [52].
The relation ∂µTµνint (F ) = 1c2 Tr (jµF
µν) may be regarded as the balance equation for the gauge
field energy. Indeed (considering Maxwell’s U(1) theory), from (jµ) ≡ (ρ,~j ) we have the Lorentz
force density (Fµνjν) = (~j · ~E, ρ ~E+~j× ~B ), hence we obtain, for ν = 0, the local balance equation
−∂tw = div ~P +~j · ~E ,
where w ≡ 12 ( ~E 2 + ~B 2 ) represents the electromagnetic energy density and ~P ≡ ~E × ~B is
the Poynting vector. The latter result is nothing else but Poynting’s theorem expressing that
the electromagnetic fields not only radiate, but also do work on the electric charges (currents),
thereby transforming electromagnetic energy into mechanical or thermal energy.
The case of a Dirac field is tantamount to considering ϕ = (ψα, ψ¯α) in the previous
derivation. The expression for Tµνint (F ) is unchanged and for T
µν
int (ψ,A) one obtains the following
explicit result from the Lagrangian LM (ψ) ≡ i ψ¯γµ
↔
Dµψ −mψ¯ψ:
Tµνint (ψ,A) =
i
2
[
ψ¯γµDνψ − (Dνψ¯)γµψ
]
− ηµνLM . (2.31)
By construction, this expression is gauge invariant, but it is not symmetric in its indices. The
symmetry can be achieved by hand (T (µν)int ≡ 12 [Tµνint + T νµint ]) without destroying the other
characteristics of the tensor:
T
(µν)
int (ψ,A) =
i
4
[
ψ¯γµDνψ − (Dνψ¯)γµψ + (µ↔ ν)
]
− ηµνLM . (2.32)
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Summary: We have recovered in a constructive manner the same results as for the modified
Belinfante procedure. The present approach does not require a determination of the spin densi-
ties and of the associated superpotential terms, nor does it require to perform specific minimal
couplings for each of the tensors under consideration. The only shortcoming is that the sym-
metry of the “gauge improved” EMT is not automatically realized. In fact, the symmetrization
of the gauge improved EMT for the Dirac field has to be achieved by hand, but this does not
raise any problem and this feature is actually also encountered for the Einstein-Hilbert EMT
of the Dirac field, see equation (3.23) below.
2.3 Assessment concerning the improvements
As we discussed in equations (2.5)-(2.7), the symmetry of the EMT in Minkowski space is
convenient, but by no means mandatory. Moreover it does not become mandatory when matter
or gauge fields are coupled to gravity if one takes into account the fact that the currently
available experimental data do not allow us to discriminate between general relativity and
alternative theories of Einstein-Cartan-type which allow for torsion and for a non symmetric
EMT of matter or gauge fields.
If one considers gauge field theories in Minkowski space as we do in the present article,
then the EMT necessarily has to be gauge invariant due to its physical interpretation. However,
Belinfante’s improvement procedure does not yield a priori a gauge invariant EMT when applied
to gauge theories, and in addition it does not work in the straightforward manner for the
physically interesting case where matter fields are minimally coupled to a gauge field. The
improvement procedure that we presented here is devised to obtain an EMT which satisfies
the physically unavoidable condition of gauge invariance and it readily works for pure gauge
theories as well as for matter fields interacting with gauge fields (and even for massive Abelian
gauge fields). For pure gauge fields, the resulting expression for the “gauge-improved” EMT
coincides with the EMT obtained by Belinfante’s “symmetrization procedure” since the involved
superpotential terms coincide with each other.
3 Einstein-Hilbert EMT in Minkowski space
3.1 Motivation and procedure
The EMT (Tµν) in Minkowski space represents a collection of conserved current densities which
are associated to space-time translations, i.e. geometric transformations which act on both
space-time coordinates and on fields. These transformations being more complex than internal
symmetries which only act in the space of fields, it is useful to look at the conserved current
densities associated to internal symmetries so as to address the conceptual and technical issues
in a simpler setting.
The Lagrangian LM (ϕ) ≡ LM (ϕ,A = 0) for free charged matter fields is invariant un-
der global (rigid) gauge transformations, i.e. at the infinitesimal level under transformations
parametrized by real constants ωa with a ∈ {1, . . . , nG}. (More generally, one can consider a
gauge invariant self-interaction of matter fields, e.g. include a self-interaction potential V (φ†φ)
for a multiplet of scalar fields (like the Higgs field) or an invariant Yukawa-type coupling between
scalar and spinor fields. Since these interaction terms do not involve derivatives of fields, they
lead to the same canonical currents (3.1).) According to Noether’s first theorem, the canonical
currents jµcan,a[ϕ] associated to the global gauge invariance are given by ωajµcan,a[ϕ] =
∂LM (ϕ)
∂(∂µϕ) δϕ,
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where δϕ denotes an infinitesimal global gauge transformation. For multiplets of free complex
scalars or Dirac spinors, one has the respective expressions
jµcan,a[φ] = iq
[
φ†Ta∂µφ− (∂µφ†)Taφ
]
, jµcan,a[ψ] = q ψ¯γµTaψ . (3.1)
Here, the coupling constant q represents the “non-Abelian” charge of fields which we have
factored out from the parameters ωa so as to have the same overall numerical factor for the
canonical Noether currents as for the currents resulting from a coupling to a gauge field, see
next equation.
Equivalently, the expressions (3.1) can be viewed as the response of the physical system to a
variation of the (external) gauge field, the latter field mediating the interaction between charge
carrying matter fields (see equations (A.14), (A.15)):
jµcan,a[ϕ] = −
δS[ϕ;A]
δAaµ
∣∣∣∣∣
A=0
(A = external gauge field) . (3.2)
The equivalence follows from the fact that for an external gauge field, the action S[ϕ;A] is in
particular invariant under global gauge transformations and reduces to the free field action for
A = 0.
In this section, we discuss the generalization of these ideas to geometric symmetries (the
global differential geometric aspects having been elaborated in detail in reference [17]). More
precisely, we apply the lines of reasoning described above for internal symmetries to the case of
the currents Tµνcan associated to the invariance of the relativistic field theory in Minkowski space
under space-time translations, i.e. under the rigid geometric transformations x x′(x) = x+a
with aµ constant. In this respect we first note that the associated conserved Noether charges
P ν =
∫
dn−1xT 0νcan represent the energy-momentum of the fields, these fields being matter fields
(describing for instance electrons) or gauge fields (gauge bosons mediating the interaction).
The exchange of energy and momentum is realized by gravity as described by a metric, i.e.
a symmetric non-degenerate tensor field g(x) ≡ (gµν(x)). Both matter and gauge fields (or
particles representing their field quanta) are subject to the gravitational interaction.
In section 3.2, we first consider the case of a dynamical gravitational field, the gravita-
tional analogue of the YM equations DµFµν = jν for the gauge field being given by Einstein’s
field equations Gµν = −κTµν for the gravitational field: instead of gauge transformations (i.e.
local internal transformations) we now consider diffeomorphisms xµ  x′µ(x) ' xµ + ξµ(x)
(i.e. general coordinate transformations or x-dependent translations). By definition, the EMT
Tµν [ϕ, g] in curved space then represents the response of the physical system to a variation of
the (external) gravitational field gµν , and its covariant conservation law in curved space holds
by virtue of the reparametrization invariance of the action. Finally, in section 3.3 we consider
the flat (Minkowski) space limit gµν = ηµν (representing the analogue of A = 0 for the in-
ternal symmetries) and we argue that the resulting EMT Tµν [ϕ, g = η] (to which we refer to
as the Einstein-Hilbert EMT) coincides with the improved EMT Tµνimp[ϕ] associated to transla-
tional invariance in Minkowski space. For this identification an ambiguity appears since a given
Minkowski space Lagrangian may represent the flat space limit of different non-equivalent La-
grangians in curved space (involving for instance a minimal or a non-minimal coupling of matter
to gravity, both cases admitting different invariances): by considering both the diffeomorphism
invariance and the absence or presence of local Weyl invariance in curved space, one can recover,
in the flat space limit, the improved and the new improved EMT’s for a scalar field discussed
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before. Moreover, one can relate the corresponding symmetries in curved space and in flat space
(local versus global scale invariance) [28, 53].
Since the issues we just raised concern the relationship between results for field theories
in Minkowski space-time (like (3.2)) and results in general relativity (field theories in curved
space-time), we mention that general relativity may also be viewed as a solution to the problem
of constructing a field theory for a massless spin 2 field (symmetric tensor field) interacting with
matter in Minkowski space-time, i.e. a consistent special relativistic field theory for a massless
spin 2 particle. More precisely, starting from the free field theory for such a field in Minkowski
space-time as given by the Lagrangian of Pauli and Fierz (which amounts to a linearization
of the pure gravitational field equations), one has a local gauge invariance (corresponding to a
linearization of diffeomorphisms) and a consistent coupling to the EMT of matter then requires
a back-reaction of the gravitational field on matter: this process, referred to as Noether method,
has to be re-iterated in principle an infinite number of times. However, by the use of a classically
equivalent first-order action functional determined by J. Schwinger, S. Deser could promote the
free field theory to a consistent self-interacting theory in a few steps [54]. The initial flat space
metric does not appear in the final theory which rather involves a symmetric tensor field (gµν)
representing the dynamics of the gravitational field. This non-geometrical approach to general
relativity is described in detail in reference [55] (see also [56, 57]) and also played a role for
YM-theories since R. Feynman introduced the notion of ghost fields in this context before it
has been considered by B. DeWitt and by L.D. Faddeev and V.N. Popov for the quantization
of YM-theories [58].
3.2 Fields in curved space-time
3.2.1 General framework and dynamics
Curved space-time: Let M be a n-dimensional space-time manifold endowed with a metric
tensor field g ≡ (gµν) of signature6 (+,−, . . . ,−). We denote the covariant derivative of a tensor
field with respect to the Levi-Civita-connection by ∇µ (e.g. ∇µV ρ = ∂µV ρ + ΓρµνV ν where the
coefficients Γρµν ≡ 12 gρσ (∂µgνσ + ∂νgµσ − ∂σgµν) are the Christoffel symbols) and we write the
gauge covariant derivative as before by Dµ, e.g. for a complex scalar field Dµφ ≡ ∇µφ+iqAµφ =
∂µφ+ iqAµφ.
The commutator of covariant derivatives defines the Riemann curvature tensor, i.e.
[∇µ,∇ν ]V ρ = RρσµνV σ ,
and by a contraction of indices the latter gives rise to the Ricci tensor Rµν ≡ Rρµνρ, which yields
the curvature scalar R ≡ Rµµ. The equations of motion for the gravitational field involve the
Einstein tensor Gµν ≡ Rµν− 12 gµνR which is covariantly conserved∇µGµν = 0 as a consequence
of its definition. (Here and in the following, we limit ourselves for simplicity to the case where
the cosmological constant Λ vanishes, otherwise an extra Λ-dependent term appears in Gµν and
in the action functional for the gravitational field.)
6This signature is common in field theory and is often used in general relativity too (e.g. in references [19,
55, 59]), though a large part of the literature on general relativity uses the opposite signature (−,+, . . . ,+).
Different conventions for the signature in combination with different sign conventions for the Riemann and
Einstein tensors imply differences of signs in various mathematical expressions. In particular, we choose here the
“(−,+,−)” convention for the curvature tensor according to the classification of Misner, Thorne and Wheeler [60].
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Matter/gauge fields: The coupling of fermionic (spinorial) matter fields to gravity requires
the consideration of vielbein fields and will be addressed in section 3.4. In the sequel we only
consider bosonic (tensor) fields, and more precisely scalar matter fields φ and/or gauge vector
fields A ≡ (Aµ). The YM field strength tensor in curved space is defined by
Fµν ≡ ∇µAν −∇νAµ + iq [Aµ, Aν ] = ∂µAν − ∂νAµ + iq [Aµ, Aν ] ,
where the last expression follows from the symmetry of the Christoffel symbols (Γρµν = Γρνµ).
The scalar matter fields φ and/or the gauge field A will generically be denoted by ϕ. Their
dynamics is assumed to be given by an action functional SM [ϕ, g] ≡
∫
dnx
√|g| LM (involving
g ≡ det g) which is invariant under diffeomorphisms, as well as under gauge transformations
Aµ  A′µ = Aµ + Dµω if a gauge field is present (see equation (A.6)). Thus, LM is a scalar
density with respect to diffeomorphisms.
Dynamics of fields: Following D. Hilbert, the dynamics and interaction of all fields is de-
scribed by the total action
S[ϕ, g] ≡ Sgrav[g] + SM [ϕ, g] ≡
∫
dnx
√
|g| Lgrav(R) +
∫
dnx
√
|g| LM (ϕ, g) . (3.3)
Here, Lgrav(R) ≡ 12κ R (with κ ≡ 8piG, where G is Newton’s constant), and for the gauge field
A we have the Lagrangian density
LM (A, g) ≡ − 14c2 Tr (F
µνFµν) = −14 g
µρgνσF aρσF
a
µν . (3.4)
For a multiplet φ of complex scalar fields interacting with the gauge field, the minimal coupling
to gravity is described by the Lagrangian7
LM (φ,A, g) ≡ gµν(Dµφ†)(Dνφ)−m2 φ†φ , with Dµφ ≡ ∂µφ+ iqAµφ . (3.5)
Instead of the minimal coupling of the scalar matter field to gravity one may consider
L˜M (φ, g) ≡ LM (φ, g)− 12 ξRφ
†φ , (3.6)
where ξ is a real parameter and where the second term represents a non-minimal coupling of
the matter field φ to gravity: in fact this is the only possible local scalar coupling with the
correct dimension [35, 59].
The action (3.3), which defines the dynamics of fields in general relativity, is invariant under
general coordinate transformations. The equations of motion for the interacting matter and
gauge fields following from the functionals (3.3)-(3.5) read 0 = δS[ϕ, g]/δϕ = δSM [ϕ, g]/δϕ
which yields
0 =DµFµν − jν (YM equation in curved space),
0 = (DµDµ +m2)φ = 0 (Coupled Klein-Gordon equation in curved space). (3.7)
Here, DµFµν = ∇µFµν + iq[Aµ, Fµν ] where ∇µFµν = 1√|g| ∂µ
(√|g|Fµν) denotes the covariant
divergence of the antisymmetric tensor Fµν . The derivative DµDµφ involves the contribution
7More generally, we can include a gauge invariant self-interaction potential V (φ†φ): this will not change the
form (3.12) of the resulting EMT.
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φ ≡ gµν∇µ∇νφ = 1√|g| ∂µ
(√|g| gµν∂νφ), i.e. the Laplace-Beltrami operator acting on scalar
fields. The equations of motion of the metric field components represent Einstein’s field equa-
tions:
0 = δS
δgµν
= δSgrav
δgµν
+ δSM
δgµν
=
√|g|
2κ (Gµν + κTµν) , i.e. Gµν = −κTµν (3.8)
with
Tµν [ϕ, g] ≡ −2√|g| δSM [ϕ, g]δgµν . (3.9)
For obvious reasons, we will refer to this tensor as the metric EMT (in curved space). By
reference to its originators [61, 62] it is also called the Einstein-Hilbert EMT in curved space.
Concerning the global sign in (3.9) we note that gµνgνλ = δµλ implies that Tµν = +2√|g|
δSM [ϕ,g]
δgµν .
3.2.2 EMT for matter/gauge fields coupled to a dynamical gravitational field
On the metric EMT: From the equations of motion (3.8) one concludes that the local
field Tµν [ϕ, g] plays a fundamental role if matter or gauge fields are coupled to gravity while
the formulation of field theory in flat space essentially relies on the conserved charges P ν ≡∫
dn−1xT 0νcan. Since the metric tensor is symmetric in its indices, the metric EMT is identically
symmetric by construction, i.e. we have a symmetric expression without using the equations of
motion of ϕ. From ∇µGµν = 0 it follows that the EMT is covariantly conserved in curved space,
i.e.
∇µTµν = 0 , (3.10)
if g satisfies Einstein’s field equations. Due to the presence of the covariant rather than the
ordinary derivative in equation (3.10), this relation does not represent a local conservation law.
This can be understood on physical grounds due to the fictitious forces which appear in arbitrary
(accelerated) frames [31, 62]. However, relation (3.10) can be related to a local conservation law
and, in certain instances, integral conservation laws for energy and momentum can be derived,
e.g. see references [19, 31, 55, 63–66].
Explicit expressions: From SM [ϕ, g] ≡
∫
dnx
√|g| LM (ϕ, ∂µϕ; g) and the definition (3.9)
we can obtain an explicit expression of Tµν in terms of the Lagrangian density LM (the latter
depending on the first order derivatives ∂µϕ):
Tµν = −2 ∂LM
∂gµν
− gµνLM . (3.11)
For our prototype Lagrangians (3.4) and (3.5) we get the results
Tµν [A, g] = 1
c2
Tr
(
FµρFρ
ν + 14 g
µνF ρσFρσ
)
, (3.12)
Tµν [φ,A, g] = (Dµφ†)(Dνφ) + (Dνφ†)(Dµφ)− gµνLM (φ,A, g) .
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For the Lagrangian (3.6) the tensor Tµν [φ, g] involves additional contributions, see references [35,
59]. The conservation law ∇µTµν = 0 can be explicitly checked for expressions (3.12) by using
the equations of motion of A and φ as well as the Bianchi identity 0 = DρFµν+ cyclic permu-
tations of the indices ρ, µ, ν. The metric EMT Tµν [A, g] is gauge invariant as a consequence of
the gauge invariance of the Lagrangian density LM (A, g) and of definition (3.11). The results
concerning the tracelessness of the EMT’s (3.12) are the same as the ones obtained for the
improved EMT’s in Minkowski space.
Invariance under diffeomorphisms and the metric EMT: Let us verify that the co-
variant conservation law ∇µTµν = 0 follows from the diffeomorphism invariance of the total
action (3.3). To do so, we note that a diffeomorphism xµ  x′µ(x) ' xµ− ξµ(x) is generated by
a smooth vector field ξ ≡ ξµ∂µ and acts on the metric tensor field as δξgµν = ∇µξν+∇νξµ. From
the invariance of the action under infinitesimal diffeomorphisms and the use of the equations of
motion of matter and gauge fields it follows that
0 = δξS =
∫
dnx
(
δS
δϕ
δξϕ+
δS
δgµν
δξgµν
)
=
∫
dnx
δS
δgµν
2∇µξν , (3.13)
where we took into account the symmetry of gµν for passing to the last expression. By substitut-
ing the explicit form of the functional derivative δSδgµν as given in equation (3.8) and performing
an integration by parts, we obtain
0 = δξS = −1
κ
∫
dnx
√
|g| (Gµν + κTµν)∇µξν = 1
κ
∫
dnx
√
|g| ξν(∇µGµν + κ∇µTµν) . (3.14)
First, we consider the particular case where we have pure gravity, i.e. no matter fields, hence
Tµν = 0. From the arbitrariness of ξν one then concludes that ∇µGµν = 0. In fact [57], this
line of arguments may be viewed as indirect proof of the relation ∇µGµν = 0 which holds
by virtue of the definition of Gµν in terms of the metric. The latter relation is referred to
as generalized Bianchi identity or as Noether identity since it follows from the invariance of
the action functional under a group of local symmetry transformations, i.e. an illustration of
Noether’s second theorem [3].
Next we consider the total action: by using the identity ∇µGµν = 0 and the arbitrariness
of ξν , it then follows that the relation ∇µTµν = 0 holds for the solutions of the matter field
equations.
3.2.3 EMT for matter/gauge fields coupled to an external gravitational field
Generalities: If we consider matter and gauge fields coupled to an external (background)
metric, then we do not have a dynamical term for gravity in the action, i.e. S = SM [ϕ; g]. The
EMT now represents the variation of the total action with respect to the external gravitational
field:
Tµν [ϕ; g] ≡ −2√|g| δS[ϕ; g]δgµν (g = external gravitational field) . (3.15)
The covariant conservation law ∇µTµν = 0 for the solutions of the matter field equations again
follows from the calculation (3.13), (3.14) in which we now drop the contribution Sgrav[g] to the
action, which implies that Gµν does not appear in the integral (3.14).
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Case of an external gauge field: Let us also consider the case where both the metric field
g and the gauge potential (Aµ) represent external fields. We suppose that the complex scalar
field φ is coupled to the background gauge field A, i.e. we have the gauge invariant total action
S ≡ SM [φ;A, g] ≡
∫
dnx
√|g| LM with LM given by expression (3.5). Then the gauge invariance
of the total action S and the use of the scalar matter field equations of motion δS/δφ = 0 imply
the covariant conservation law Dµjµ = 0 for the current density vector (jµa ) associated to the
scalar field; indeed, for an infinitesimal gauge variation (δgAµ = Dµω) we have
0 = δgS =
∫
dnx
(
δS
δφ
δgφ+
δS
δAµ
δgAµ
)
=
∫
dnx
δS
δAµ
Dµω =
∫
dnx
√
|g|ωa(Dµjµ)a ,
where
jµa ≡
−1√|g| δSδAaµ (A, g = external fields) .
For the matter field Lagrangian (3.5) we obtain the explicit expression
jµa [φ;A, g] = iq
[
φ†TaDµφ− (Dµφ†)Taφ
]
. (3.16)
The invariance of the total action S under diffeomorphisms then leads to the continuum
version of the Lorentz-Yang-Mills force law in curved space-time [52],
∇µTµν [φ;A, g] = 1
c2
Tr (F νµjµ) (3.17)
by virtue of
0 = δξS =
∫
dnx
(
δS
δφ
δξφ+
δS
δAµ
δξAµ +
δS
δgµν
δξgµν
)
,
and δS/δφ = 0, δξgµν = ∇µξν +∇νξµ as well as
δξAµ = ξν∂νAµ + (∂µξν)Aν = ξνFνµ +Dµ(ξνAν) .
For instance, for the matter field Lagrangian (3.5), we obtain the explicit expression (3.12) for
Tµν [φ;A, g] and (3.16) for jµ[φ;A, g]. Once the external gauge field is promoted to a dynamical
gauge field by adding the gauge field Lagrangian LM (A; g) of equation (3.4) to the interacting
matter field Lagrangian (3.5), the total EMT of both matter and gauge fields is covariantly
conserved as we noted already after equation (3.15). In the flat space limit, expression (3.12)
for Tµν [φ;A, g] reduces to expression (2.29) for the EMT Tµνint [φ,A] and equation (3.17) reduces
to the balance equation (2.30) for the latter EMT.
3.3 Einstein-Hilbert’s EMT for matter/gauge fields in Minkowski space
Definition: The result (3.15) serves as a motivation for defining the Einstein-Hilbert ormetric
EMT for bosonic matter fields ϕ in flat space by the relation
TµνEH[ϕ] ≡
( −2√|g| δS[ϕ; g]δgµν
)∣∣∣∣
g=η
, where
{
g = external gravitational field
η ≡ (ηµν) ≡ diag (1,−1, . . . ,−1) . (3.18)
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By construction, the so-defined EMT is identically symmetric and it admits a natural general-
ization to curved space by its very definition. The flat space conservation law ∂µTµνEH = 0 for
TµνEH follows directly from the covariant conservation law ∇µTµν = 0 in curved space.
The definition (3.18) for the EMT of a physical system in Minkowski space amounts to
coupling this system to a gravitational field: then TµνEH[ϕ] represents the response of the system
to a variation of the (external) metric to which all (energy and momentum carrying) fields
couple and which mediates the gravitational interaction of these fields. This definition of the
EMT in Minkowski space is conceptually and mathematically quite different from the one of
Tµνimp[ϕ] which we presented in section 2 and which follows from Noether’s theorem (eventually
supplemented by an improvement procedure to render the canonical expression of the EMT
symmetric in its indices or gauge invariant, or both symmetric and traceless). Before trying to
relate the different expressions for the EMT’s, we have a look at the explicit expressions for the
Einstein-Hilbert EMT.
Explicit expressions: The YM Lagrangian LM (A, g) in curved space, as given by (3.4),
reduces in the flat space limit to the YM Lagrangian (A.9) in Minkowski space; similarly both
of the scalar field Lagrangians LM (φ, g) and L˜M (φ, g) given in equations (3.5) and (3.6) reduce
in the flat space limit to one and the same Minkowski space Lagrangian L(φ). Furthermore, the
metric EMT’s (3.12) for the YM field and for the scalar field coupled to the former field reduce in
the flat space limit to the improved EMT’s (2.11) and (2.29). We also mention that for the non-
minimal coupling of a free massless scalar field to gravity as described by the Lagrangian (3.6),
the corresponding metric EMT reduces in the flat space limit to the new improved EMT (2.9).
Relating the different expressions: In the following, we will show that the two definitions
for the EMT’s of YM-theories in Minkowski space, i.e. (3.18) which results from the coupling
to gravity, and the improved EMT (2.28) (with the definitions (2.26) and (2.27)) which follows
from Noether’s first theorem supplemented by the “gauge improvement” procedure, coincide
with each other. (We refer to the work [17] for general mathematical arguments and results
relying on differential geometric tools.) The coincidence of results for the EMT’s can readily
be explained on general grounds by comparing the expression (3.11) for the metric EMT, i.e.
Tµν = −2 ∂LM∂gµν − gµνLM , with the general expressions (2.26), (2.27) for the improved EMT’s of
the YM field A and of a scalar field multiplet φ coupled to the YM field.
First, we note that the second term in Tµν reduces directly to the second term in Tµνint as gµν
reduces to ηµν . Concerning the first term in Tµν , i.e. −2 ∂LM∂gµν , we note that the curved space
Lagrangians LM (A, g) and LM (φ,A, g) (as given by expressions (3.4), (3.5)) are quadratic in
the field strengths (Fµν and Dµφ, respectively) with coefficients depending on gρσ. Thus the
relation
∂gρσ
∂gµν
= −gραgσβδ(µν)(αβ) , with δ
(µν)
(αβ) =
∂gρσ
∂gµν
, (3.19)
implies that −2 ∂LM∂gµν reduces in the flat space limit to an expression which is again quadratic
in the field strengths and which is, by construction, Lorentz covariant, gauge invariant and
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symmetric in the indices. By virtue of Euler’s homogeneous function theorem we have
−2 ∂LM
∂gµν
(A, g) g→η−→ 2 ∂Lg
∂F aµρ
F νa ρ , (3.20)
−2 ∂LM
∂gµν
(φ,A, g) g→η−→ ∂LM
∂(Dµφ)
Dνφ+ (Dνφ†) ∂LM
∂(Dµφ†)
,
i.e. the results (2.26) and (2.27).
3.4 Case of spinor fields
The coupling of spinor fields to gravity (put forward in Weyl’s seminal paper [67] of 1929)
requires the consideration of orthonormal vielbein fields eaµ(x) related to the metric by gµν =
ηabe
a
µe
b
ν . The components Eµa of the inverse of the matrix (eaµ) define the frame vector field
Ea ≡ Eµa∂µ: Eµaeaν = δνµ. We have
√|g| = e with e ≡ |det (eaµ)|. The vielbein EMT [55] is
then defined by varying the action for the spinor fields (coupled to an external gravitational
field) with respect to the vielbein or frame fields:
T aµ =
1
e
δS
δEµa
, or Tµa =
−1
e
δS
δeaµ
. (3.21)
The invariance of the action S[ϕ, eaµ] under local Lorentz transformations (parametrized at the
infinitesimal level by δεeaµ = εabebµ with εab = −εba) and the application of the matter field
equations of motion δS/δϕ = 0 imply that the tensor T ab is symmetric on-shell: from
0 = δεS =
∫
dnx
(
δS
δϕ
δεϕ+
δS
δeaµ
δεe
a
µ
)
= −
∫
dnx e Tµa ε
a
be
b
µ =
1
2
∫
dnx e T [ab]εab , (3.22)
and from the arbitrariness of εab we conclude that T [ab] = 0, or equivalently T ab = T ba. Then,
the spinor field EMT Tµν ≡ EµaEνbT ab is also symmetric in the curved space indices for the
solutions of the matter field equations. Furthermore [68], the matter field equations ensure the
covariant conservation law ∇µTµν = 0 by virtue of the line of arguments (3.13), (3.14) with
S ≡ SM .
In summary, the matter field equations for the spinor fields ensure the consistency of Ein-
stein’s field equations Gµν = −κTµν involving the Einstein tensor Gµν which is both symmetric
and covariantly conserved in the absence of torsion [55]. (The latter assumption is generally
made in Einstein gravity, but we note that a generalization of the theory including torsion is
given by the so-called Cartan-Sciama-Kibble approach to gravity, see [44, 55] and references
therein.) Accordingly, the EMT with lower indices (which also has to be on-shell symmetric in
the absence of torsion) is generally written as
Tµν =
1
2 (e
a
µηabT
b
ν + (µ↔ ν)) . (3.23)
By way of illustration, we consider the Dirac field coupled to a gauge field (Aµ) and to
gravity. Then we have covariant derivatives involving the spin connection ωµ,
Daψ ≡ EµaDµψ = Eµa[∂µψ + ωµψ + iqAµψ] , Daψ¯ = Eµa[∂µψ¯ − ψ¯ ωµ − iqψ¯Aµ] , (3.24)
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and the action functional reads8
S[ψ,A; eaµ] ≡
∫
dnx e ψ¯
(
iγa
↔
Da ψ −mψ
)
,
=
∫
dnx e
[ i
2
(
ψ¯γaDaψ − (Daψ¯)γaψ
)−mψ¯ψ] (3.25)
≡
∫
dnx eLM (ψ,A,Eµa) .
Variation of this action with respect to the frame fields Eµa and use of the matter field equations
of motion (which imply that the term in δS which is proportional to δe, i.e. the function LM ,
vanishes) yields
T aµ =
∂LM
∂Eµa
, (3.26)
hence T aµ = iψ¯γa
↔
Dµ ψ. The associated symmetric tensor (3.23) now has the form
Tµν = i2
(
ψ¯γµ
↔
D
νψ + ψ¯γν
↔
D
µψ
)
. (3.27)
By virtue of the matter field equations, it is covariantly conserved and coincides in the flat
space limit with the improved EMT (2.32) for the Dirac field coupled to the YM field (the
latter being conserved, symmetric and gauge invariant).
3.5 Summary
In this section we recalled the definition of the metric EMT in curved space and, for gauge
field theories, we showed that the resulting expressions reduce in the flat space limit to gauge
invariant, symmetric EMT’s which coincide with the improved EMT’s determined in section 2.
(For the case of a non minimal coupling of scalar fields to gravity, one recovers the new improved
EMT in Minkowski space, the local scale invariance reducing to global scale invariance.)
4 On the quantum theory: Noether’s theorem and Ward iden-
tities
In the perturbative approach to Lagrangian models in quantum field theory, the first Noether
theorem, as applied to geometric symmetries (e.g. translational invariance) or to internal sym-
metries (e.g. global U(1) transformations), finds its expression in the so-called Ward (or Ward-
Takahashi) identities. A general formulation and simple derivation of the latter has been put
forward by R. Stora [69–71] towards 1971. Here, we outline the general ideas which are nicely
summarized in [7] and refer to the monographs [25, 30, 72] for the technical details and physical
applications.
We consider the case of a global internal symmetry transformation of a matter multiplet
ϕ ≡ [ϕ1, . . . , ϕN ]t, e.g. relations (A.3) with constant infinitesimal symmetry parameters ωa
8We note that the inclusion of an invariant Yukawa-like coupling with scalar fields does not modify the form
of the resulting EMT.
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(with a = 1, . . . , nG); thus, we have δϕr(x) = ωaΦra(ϕ(x)) and Noether’s first theorem then
reads
Φra
δS
δϕr
+ ∂µjµa = 0 , with jµa ≡
∂L
∂(∂µϕr)
Φra .
In quantum theory one is interested in the vacuum expectation values 〈Tϕs1(y1) . . . ϕsn(yn)〉 of
time-ordered field operators ϕs1(y1), . . . , ϕsn(yn) with n = 1, 2, . . . . Use of the conservation law
∂µj
µ
a = 0 (associated to Noether’s theorem in the classical theory) and of the definition of the
T -product in terms of Heaviside’s function lead to
∂
∂xµ
〈Tjµa (x)ϕs1(y1) . . . ϕsn(yn)〉 =
n∑
j=1
δ(x0 − y0j ) 〈Tϕs1(y1) . . . [j0a(x), ϕsj (yj)] . . . ϕsn(yn)〉 .
By virtue of the canonical commutation relations for the field operators, one can evaluate the
equal-time commutator on the right-hand side: [j0a(x), ϕsj (yj)]
∣∣∣
x0=y0j
= −iΦsja (x) δ(~x−~yj). This
yields the Ward identities (in configuration space):
∂
∂xµ
〈Tjµa (x)ϕs1(y1) . . . ϕsn(yn)〉 = −i
n∑
j=1
δ(x− yj) 〈Tϕs1(y1) . . .Φsja (x) . . . ϕsn(yn)〉 . (4.1)
By Fourier transformation, these identities can be rewritten in momentum space and in fact it
is in the latter space that they were originally discovered for a special case in electrodynamics,
and that they are often encountered in the literature. Their general form (4.1) shows that
the Ward identities are the reflection of Noether’s first theorem: they represent a collection of
important relations between the correlation functions in quantum field theory which result from
the underlying classical symmetry group.
One may wonder about the impact of an improvement jµa  jµa + ∂ρBρµa for a given locally
conserved classical current density (jµa ) on the explicit expression of Ward identities. General
statements require a specification of the class of superpotentials which is considered. If the
latter depend on the canonical momenta, derivatives of the delta function potentially appear
in the Ward identities. Here, we only refer to some general recent works devoted to Ward
identities [73, 74]. Furthermore, for completeness, we mention some works which deal more
specifically with the quantum theory related to the EMT (some others being discussed in the
next section): [30, 75–80].
5 Ward identities, their “cousins and descendants”: on (the
work of) Raymond Stora
The so-called Slavnov (or Slavnov-Taylor) identities can be viewed as a generalization of the
Ward identities and can be formulated and derived in simple terms using the so-called BRST
symmetry. This symmetry has been discovered by Becchi, Rouet and Stora (BRS) [81, 82] (and
shortly thereafter in an unpublished work by Tyutin [83]) and it was shown by BRS [81, 82]
that this symmetry allows to prove the renormalizability of non-Abelian gauge theories and
to characterize the observables as well as the anomalous breakings of classical symmetries in
quantum theory (see references [84–88] for some early elaborations and the monograph [89]
for an introductory account). The BRST symmetry transformations were originally expressed
in terms of an anti-commuting (Grassmann) parameter, but BRS could quickly dispense with
23
this parameter [82], thus regarding the symmetry operator as an anti-derivation acting on
the BRS differential algebra. R. Stora always denoted the BRST-transformation of a field ϕ
by sϕ while referring to it as the “Slavnov operation” [85, 90]. Due to its nilpotency, this
operation allows for a cohomological interpretation [82, 85] and thereby allows to reformulate
the problem of perturbative renormalization of Lagrangian field theories with rigid or local
symmetries as an algebraic problem: this approach is referred to as algebraic renormalization,
see [91] for a nice summary and references [89, 92] for a detailed presentation and various
applications. In particular, the realization of Wess and Zumino [93] that anomalies (which
describe an anomalous breaking of classical symmetries in quantum theory) are described by
a consistency condition could be neatly reformulated as a cohomological problem [85] (and
treated by BRS for YM theories [82]). In fact, the issue of determining the anomalous terms
can be dealt with by using a simple algebraic method (referred to as the descent equation
method) put forward by R. Stora [85] with the help of some mathematical lemmas due to
J.A. Dixon (see also [94–96] as well as the general introduction presented in the monograph [68]).
This approach has been applied by R. Stora and his collaborators to a wealth of theories
like gravity [97], supersymmetry [98], string theory [99], conformal models [100] or topological
theories [101], and has been investigated by numerous authors. Quite generally, the method of
BRST quantization within the Lagrangian or the Hamiltonian [102] framework, and its variants
developed by the Russian School (Batalin, Fradkin, Tyutin, Vilkovisky), represents a general
and powerful approach to the quantization of constrained dynamical systems with a finite or
infinite number of degrees of freedom [102–104].
The life-long interest of R. Stora in the quantization of field theories based on the fun-
damental principle of causality made him also contribute to general approaches as the one of
Epstein and Glaser (elaborating recently on the problem of the extension of distribution-valued
field operators [105]), and work out what he considered to be the “missing chapters” of the
subject [106], an endeavor that he could unfortunately not complete despite relentless efforts
and various successes.
While interested and knowledgeable in a vast spectrum of topics in physics, Raymond was
always particularly concerned with unveiling the underlying mathematical structures or find-
ing the appropriate mathematical framework for the formulation of theories or for the solu-
tion of problems, e.g. anomalies, differential algebras, gauge fixing, cohomological field theories,
. . . [107]. In all instances he was extremely attached to correct and precise statements which gen-
erally contributed to clarify the issues, but also retained him from publishing a certain number
of his results (leaving nicely hand-written manuscripts communicated to friends and colleagues).
He shared his passion with various long term friends from the international “Feldverein” like
C. Itzykson, B. Zumino, D. Kastler, A.S. Wightman, J. Wess, H.-J. Borchers, R. Haag, . . . ,
and it is very sad to note that all of these masters left us fairly recently, their deep insights
and precious advice being greatly missed. As for Raymond, all of those who had the chance to
meet him will always remember his culture, curiosity, enthusiasm, his brilliant and penetrating
insights, as well as his great modesty, generosity and humanity.
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A Gauge field theories in a nutshell
To set the stage and fix the notation, we briefly recall the basics of non-Abelian gauge theories9.
in this appendix (e.g. see references [15, 71, 85, 108]).
General set-up: Let G be a compact matrix Lie group (e.g. G = SU(N )) and g its Lie
algebra with basis elements {T a}a=1,...,nG (with nG ≡ dimG) satisfying
[T a, T b] = ifabcT c . (A.1)
Here, the real structure constants fabc are totally antisymmetric in the indices10. Furthermore,
we assume that the matrices T a are Hermitian, i.e. (T a)† = T a. By virtue of relation (A.1), they
are also traceless. For instance, for G = SU(2) we can choose T a = 12 σa where σ1, σ2, σ3 are
the Pauli matrices and the structure constants are then given by εabc. Since the indices a, b, c
are internal indices, they can indifferently be written as upper or lower indices, and Einstein’s
convention of summing over identical indices is also applied to them.
The element U of the nG-dimensional Lie group G depends smoothly on nG real parameters
ωa and it can be written (at least in the vicinity of the identity of G) as
U = e−iqω ' 1− iqω , with ω ≡ ωaTa . (A.2)
Here, the real constant q represents the “non-Abelian” or “YM charge” (which could as well be
absorbed in the parameters ωa in this context) and we have U † = U−1. The finite-dimensional
structure group G gives rise to the infinite-dimensional gauge group G ≡ {U : Rn → G} whose
elements describe the gauge transformations of matter and gauge fields which we will outline
next.
Fields and transformation laws: We suppose that the matter content is given by a multi-
plet ϕ ≡ [ϕ1, . . . , ϕN ]t, i.e. a column vector with N components ϕA each of which is a classical
relativistic field, e.g. we have a collection of complex scalar fields φA or of Dirac fields ψA. For
global gauge transformations, the multiplet ϕ is assumed to transform with a N -dimensional
unitary representation Uˆ of the group G: this means that the group element U ∈ G acts on ϕ
by a unitary N ×N matrix Uˆ satisfying Û1U2 = Uˆ1Uˆ2. This representation of G is related to a
N -dimensional representation Tˆa of the Lie algebra g (see equation (A.2)):
Uˆ = e−iqωˆ ' 1N − iqωˆ , with ωˆ ≡ ωaTˆa and Tˆ †a = Tˆa .
9Non-Abelian gauge theories have been discovered at about the same time and independently by W. Pauli, by
R. Shaw, by C. N. Yang and R. Mills and by R. Utiyama who considered right away the case of general Lie groups.
However, the priority goes to Yang and Mills who were the first to publish their results — see reference [67] for
the fascinating history of the subject.
10For semi-simple Lie algebras like SU(N ), the structure constants can be chosen to be totally antisymmetric.
Here, we recall [109] that a real or complex Lie algebra is called semi-simple if it does not contain any Abelian
ideal (i.e. invariant Lie subalgebra) except {0}; the Lie algebra g is called simple if it is not Abelian and does
not contain any ideals other than g and {0}.
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For (local) gauge transformations, the symmetry parameters ωa and the matrices Uˆ depend
smoothly on x ∈ Rn.
The transformation law of the matter multiplet ϕ and of its Hermitian conjugate ϕ† read
Uϕ = Uˆ ϕ , i.e. δϕ = −iq ωˆϕ or δϕA = −iq ωˆABϕB ,
Uϕ† = ϕ†Uˆ−1 , i.e. δϕ† = iq ϕ†ωˆ or δϕ†A = iq ϕ
†
BωˆBA . (A.3)
Here, we use the notation ϕ†A ≡ (ϕ†)A and we note that the transformations only act on the
internal symmetry indices A of the matter fields.
The covariant derivative of the matter multiplet ϕ is defined by
Dµϕ ≡ ∂µϕ+ iqAˆµϕ , Dµϕ† ≡ (Dµϕ)† = ∂µϕ† − iqϕ†Aˆµ . (A.4)
Here, Aˆµ(x) ≡ Aaµ(x)Tˆ a is the N -dimensional representation of the gauge potential: the latter
is a g-valued vector field Aµ(x) ≡ Aaµ(x)T a where (Aaµ)µ∈{0,1,...,n−1} is a real-valued vector field
for each value of a ∈ {1, . . . , nG}. Under a finite gauge transformation x 7→ U(x), the gauge
potential transforms inhomogeneously with the adjoint representation of the gauge group:
UAµ = UAµU−1 − i
q
U∂µU
−1 . (A.5)
For infinitesimal gauge variations UAµ ' Aµ + δAµ it follows from (A.5) and (A.2) that Aµ
transforms with the covariant derivative of the g-valued functions x 7→ ω(x) ≡ ωa(x)Ta:
δAµ = Dµω ≡ ∂µω + iq [Aµ, ω] . (A.6)
This transformation law involves the non-Abelian charge q (self-coupling constant) which also
appears in the matter transformation law (A.3). For the Lie group generators Ta appearing in
ω ≡ ωaTa and Aµ ≡ AaµTa, we can consider any representation Ta 7→ r(Ta) of the Lie algebra,
e.g. r(Ta) = Tˆa as we did for the discussion of the matter multiplet ϕ.
The commutator of two covariant derivatives determines the YM field strength tensor Fµν ≡
F aµνTa:
[Dµ, Dν ]ω = iq [Fµν , ω] , with Fµν ≡ ∂µAν − ∂νAµ + iq [Aµ, Aν ] . (A.7)
Hence we have the gauge transformation law
UFµν = UFµνU−1 or δFµν = iq [Fµν , ω] , (A.8)
i.e. Fµν transforms with the adjoint representation. The Jacobi identity for the covariant deriva-
tives implies the Bianchi identity for the field strength: 0 = DλFµν + cyclic permutations of the
indices. In contrast to the Abelian theory, the field strength presently involves terms which are
non-linear in the gauge field Aµ and it is not invariant under gauge transformations. Its com-
ponents F a0i ≡ Eaxi , F aij = εijkBaxk (for n = 4) may be viewed as the non-Abelian generalization
of the electric and magnetic fields of Maxwell’s theory.
The theory can be generalized from Minkowski space to an n-dimensional smooth manifold
M and a global (coordinate free) formulation can be given, e.g. see reference [110]. The latter
relies on the introduction of a principal fiber bundle P (with compact Lie group G) over M ,
i.e. a manifold P which has locally the structure U ×G where U is an open subset of M . The
YM potential is then introduced as a g-valued 1-form on P with appropriate transformation
properties and it is referred to as a connection. The expressions given above forRn then represent
local expressions on U ' Rn.
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Dynamics: In the following, we generally drop the hat denoting the representation (of the
Lie algebra or Lie group) which is considered for the matter multiplets. Concerning the nor-
malization of the trace, we note that for a simple Lie algebra one may choose a basis (Ta) such
that Tr (r(T a) r(T b)) = c2(r) δab for any representation Ta 7→ r(Ta), where the constant c2(r)
is known as the index of the representation r. For instance, for the adjoint representation, Ta
is represented by (r(Ta))bc = −ifabc and c2(r) = 2.
The dynamics of pure YM-theory is described by the classical action
Sg[A] ≡ − 14c2
∫
dnx Tr (FµνFµν) = −14
∫
dnxF aµν F aµν , (A.9)
which is invariant under gauge transformations. Free Maxwell theory represents a particular case
of pure YM theory for which the gauge group G = U(1) is Abelian: the internal index takes
a single value a = 1 and the totally antisymmetric structure constants fabc in (A.1) vanish,
as does the commutator term in the field strength (A.7) and in the covariant derivative (A.6).
Thus, in this particular case there is no self-interaction of gauge potentials in the action (A.9).
The dynamics of a matter multiplet φ ≡ [φ1, . . . , φN ]t, of N scalar fields or of a multiplet
ψ ≡ [ψ1, . . . , ψN ]t of N Dirac fields of mass m which are coupled to the gauge field Aµ are
respectively described by the gauge invariant Lagrangian densities
LM (φ,A) ≡ (Dµφ†)(Dµφ)−m2φ†φ , (A.10)
and
LM (ψ,A) ≡ i ψ¯γµ
↔
Dµψ −mψ¯ψ ≡ i2
[
ψ¯γµDµψ − (Dµψ¯)γµψ
]
−mψ¯ψ , (A.11)
where ψ¯ ≡ [ψ¯1, . . . , ψ¯N ] and ψ¯γµ ≡ [ψ¯1γµ, . . . , ψ¯Nγµ]. The equations of motion for interacting
matter and gauge fields follow from the gauge invariant action functional S[ϕ,A] ≡ Sg[A] +
SM [ϕ,A]: we have
0 = δS
δφ†
= δSM
δφ†
= −(DµDµ +m2)φ , or 0 = δS
δψ¯
= δSM
δψ¯
= (iγµDµ −m)ψ , (A.12)
as well as the Hermitian conjugate expressions, and (for a ∈ {1, . . . , nG})
0 = δS
δAaµ
= δSg
δAaµ
+ δSM
δAaµ
= DνF νµa − jµa , i.e. DνF νµ = jµ , (A.13)
with
jµa [ϕ,A] ≡ −
δSM [ϕ,A]
δAaµ
. (A.14)
From (A.14), (A.10) and (A.11), we get the g-valued currents
jµa [φ,A] = iq
[
φ†TˆaDµφ− (Dµφ†)Tˆaφ
]
, jµa [ψ,A] = q ψ¯γµTˆaψ , (A.15)
which transform with the adjoint representation under gauge transformations:
Ujµ = UjµU−1 or δjµ = iq [jµ, ω] with ω ≡ ωaTa . (A.16)
27
The equation of motion (A.13) for the non-Abelian gauge field is referred to as the Yang-Mills
equation. In contrast to the Maxwell equation appearing in U(1) gauge theory, the YM equation
involves the covariant derivative. Hence the matter current jµ[ϕ,A], which appears as a source
in this equation, is only covariantly conserved:
Dµj
µ = DµDνF νµ =
1
2 [Dµ, Dν ]F
νµ = −12 iq [Fµν , F
µν ] = 0 , i.e. Dµjµ = 0 . (A.17)
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